Abstract. Let G be a finitely generated regular branch just infinite group and Q a finite subgroup. We demonstrate that there exists uncountably many automorphism equivalence classes of weakly maximal subgroups of G containing Q. We also prove that if G is the first Grigorchuk group or a Gupta-Sidki group then there exists uncountably many automorphism equivalence classes of weakly maximal subgroups of G that are not parabolic.
Introduction
Let T be a locally finite regular rooted tree. Among groups that act on T by automorphisms, branch groups are of particular interest (see Section 2 for all the relevant definitions). One such example is the Grigorchuk group Γ, the first example of a finitely generated group of intermediate growth [Gri80] . Branch groups have interesting subgroup structure. For example, Pervova showed [Per00] that all maximal subgroups of Γ are of finite index (there are seven of them, all of index 2). Pervova's result extends to groups abstractly commensurable with Γ [GW03a] , as well as to other examples of branch groups, as Gupta-Sidki groups G p [Per05] , and to groups abstractly commensurable with them [Gar14] ; but not to all branch groups (see [Bon10] ). In view of this rigidity of maximal subgroups, the next step in understanding the subgroup structure of branch groups is to study weakly maximal subgroups, that is the maximal elements among the subgroups of infinite index. This is the main topic of this note.
Before stating our results, we review some natural examples of weakly maximal subgroups. The action of G on T extends to an action of G on the boundary ∂T by homeomorphisms. Stabilizers of boundary points are then called the parabolic subgroups. If G acts on T in a weakly branched way, then all parabolic subgroups are infinite and pairwise distinct [Gri11] . Moreover, if the action of G is branched, then all parabolic subgroups are weakly maximal [BG00, BG02] . In particular, if G is branched, then it has uncountably many conjugacy classes of weakly maximal subgroups and if G is also finitely generated it has uncountably many automorphism equivalence classes of weakly maximal subgroups. It is also known that the class of weakly maximal subgroups is not reduced to the class of parabolic subgroups in Γ: some sporadic examples were constructed [Gri05, Gri11] . There are however no classification results for weakly maximal subgroups for Γ and other weakly branch groups (Problem 6.3 in [Gri05] ).
Our main result concerns weakly maximal subgroups of G containing a given finite subgroup Q ≤ G. We show that even for a fixed Q, there is still a big variety of them, for G a finitely generated regular branch just infinite group: Theorem 1.1. Let T be a regular rooted tree and G ≤ Aut(T ) be a finitely generated regular branch just infinite group. Then, for any finite subgroup Q ≤ G there exist uncountably many automorphism equivalence classes of weakly maximal subgroups of G containing Q.
As an immediate corollary of the theorem, we have the following result. It indicates that a full classification of weakly maximal subgroups must involve, in a significant way, subgroups that are not parabolic. Corollary 1.2. Let T be a regular rooted tree and G ≤ Aut(T ) be a finitely generated regular branch just infinite group. Suppose that G contains a finite subgroup Q that does not fix any point in ∂T . Then there exist uncountably many automorphism equivalence classes of weakly maximal subgroups of G, all distinct from classes of parabolic subgroups associated with the action of G on T .
This corollary applies in particular to the first Grigorchuk group Γ and to Gupta-Sidki groups G p , p an odd prime. Such groups are finitely generated, just infinite and regular branch [BGŠ03] . Moreover, they essentially admit a unique regular branch action on a spherically regular tree [GW03b] . (An infinite rooted tree is spherically regular if the degree of a vertex depends only on its distance from the root.) Theorem 1.3. Let G = Γ be the first Grigorchuk group or G = G p be a Gupta-Sidki group. Then G has uncountably many automorphism equivalence classes of weakly maximal subgroups, all distinct from classes of parabolic subgroups of any branch action of G on a spherically regular tree.
We also demonstrate that, loosely speaking, weakly maximal subgroups of Γ live as deep in the tree as one desires. Theorem 1.4. For any k ∈ N, there exists a weakly maximal subgroup of Γ which stabilizes a vertex at distance k from the root and does not stabilize any vertex farther away from the root.
This paper is organized as follows. In §2, we fix notation and recall some well-known results. §3 contains the proof of Theorem 1.4 and §4 the proofs of Theorem 1.1, Corollary 1.2 and Theorem 1.3.
Preliminaries
2.1. Just infinite groups and regular branch groups. A group G is just infinite if all its proper normal subgroups are of finite index (equivalently if all its non-trivial quotient are finite). For such groups the following lemma holds.
Lemma 2.1. Let G be a just infinite group, H be an infinite index subgroup of G and γ ∈ G be any nontrivial element. Then there is a conjugate of γ that is not in H.
Proof. Suppose that H contains all the conjugates of γ. Then H contains γ G , the normal closure of γ in Γ. This subgroup is normal and therefore of finite index since G is just-infinite. But this contradicts the fact that H is of infinite index.
For H ≤ G, denote by ω(H, G) the set of weakly maximal subgroups of G that contain H.
Lemma 2.2. Let G be a finitely generated group. Let H ≤ G be a subgroup of infinite index. Then ω(H, G) is nonempty.
For the d-regular rooted tree T denote by L n the set of vertices of T "at level n", i.e., at distance n from the root. We picture the tree T with the root at the top, with d edges connecting every vertex of L n with vertices of L n+1 . This gives a natural (partial) order on vertices of T defined by w ≤ v if w lies on an infinite ray emanating from v. For a vertex v in T , we note T v the subtree of T consisting of all vertices w ≤ v.
Let G ≤ Aut(T ) be a group of automorphisms of T . It is said to be spherically transitive if it acts transitively on each level of T . We denote by Stab G (v) the stabilizer of a vertex v and by Stab G (n) = ∩ v∈Ln Stab G (v) the stabilizer of the level n. We therefore have injective maps
where v is any vertex of T , v 1 , . . . , v d are the vertices of the first level and T w denotes the subtree of T growing from the vertex w. For a d-regular rooted tree T , a group G ≤ Aut(T ) is said to be self-replicating if for any v,
The rigid stabilizer Rist G (v) of a vertex v in G is the set of elements of G acting trivially outside T v . The rigid stabilizer of a level Rist G (n) is the subgroup generated by the Rist G (v) for all vertices v of level n.
A spherically transitive group G ≤ Aut(T ) is weakly branch if all rigid stabilizers are infinite and branch if all rigid stabilizers are of finite index.
Definition 2.3. For a d-regular rooted tree T , a group G ≤ Aut(T ) is said to be regular branch (over K) if it satisfies the following conditions
• G is spherically transitive;
• G is self-replicating;
• there exists a finite index subgroup
Since G is self-replicating, the image of ψ 1 is included in G d and we can therefore iterate ψ 1 to have a sequence
It follows from the definition that K d n is contained in ψ n (Stab G (n)) as a subgroup of finite index and therefore that for all level n, Rist G (n) is of finite index in G [Gri11] . This proves that a regular branch group is a branch group, and it follows directly from definitions that a branch group is weakly branch. Since
2.2. Grigorchuk group. An important example of a finitely generated regular branch just infinite group is the first Grigorchuk group Γ. It is a 2-group and it has word growth strictly between polynomial and exponential [Gri80] . We refer the reader to [dlH00, Chapter VIII] for a detailed introduction into the group Γ and for proofs of the properties of Γ that will be used in this Section.
The group Γ can be defined as a subgroup of the group of automorphisms of the infinite binary tree, Γ := a, b, c, d , generated by four automorphisms a, b, c, d defined recursively, as follows
where x ∈ {0, 1}; w denotes an arbitrary binary word; 1 = 0 and 0 = 1. In the case when g ∈ Aut(T ) fixes the first k levels of the tree, we will say that g has level k and we will write g = (γ 1 , . . . , γ 2 k ) k in order to record the action beyond level k only. For example, b = (a, c) 1 , c = (a, d) 1 , and
The action of Γ on the infinite binary tree is branched, and it can be shown moreover that Γ is regular branch over the normal closure of the element (ab) 2 , see [BGŠ03] . This can be used to prove that Γ is just-infinite.
Proposition 2.4. Let H be a weakly maximal subgroup of Γ. If γ ∈ Γ \ H, then γHγ −1 = H. That is, any weakly maximal subgroup of Γ is selfnormalizing.
Proof. Suppose there exists γ ∈ Γ and a weakly maximal subgroup H of Γ such that γHγ −1 = H and γ / ∈ H. Then γ, H is a homomorphic image of H ⋊ γ . The group Γ is torsion, so γ has finite order, k. Therefore, the group γ, H is a homomorphic image of H ⋊ Z/kZ and thus H has finite index in γ, H . Since H is a weakly maximal subgroup of Γ, the group γ, H is of finite index in Γ, and thus H is of finite index in Γ, which contradicts H being weakly maximal.
Corollary 2.5. Conjugacy classes of weakly maximal subgroups in Γ are infinite.
Proof
Thus the conjugacy class of H contains at least 2 N elements. As N is arbitrary, it follows that the conjugacy class of H in G has infinitely many subgroups.
While the next lemma is not used in the proofs, we record it for possible future applications:
Lemma 2.6. Let H be a weakly maximal subgroup of Γ. Let H denote the closure of H in the profinite completionΓ of Γ. Then H ∩ Γ = H. We first demonstrate that there exists a weakly maximal subgroup of Γ that is not conjugate to any parabolic subgroup. This, along with Corollary 2.5 demonstrates that there are infinitely many weakly maximal subgroups of Γ that are not conjugate to any parabolic subgroup. Let Q be the finite subgroup of Γ generated by the set
Then clearly any element in ω(Q, Γ) is a weakly maximal subgroup that is not conjugate to any parabolic subgroup, as such an element does not fix any vertex of level 3.
Proof of Theorem 1.4. Using the group Q constructed above, we will, for any integer k ≥ 1, produce the desired subgroup of Stab Γ (v) for v ∈ T the leftmost vertex of level k. For any k, let ψ k be the map
and for any i = 1, . . . , 2 k , let π i be the projection of Γ 2 k onto the ith factor. Then set H ∈ ω (π 1 • ψ k ) −1 (∆), Γ where we fix some ∆ ∈ ω(Q, Γ). We claim that H ≤ Stab Γ (v). Suppose, for the sake of contradiction, that there
appearing in the j-th slot, and other b l 's being a permutation of conjugates of the remaining a i 's. However, since Γ is regular branch, the image of ψ k is of finite index in Γ 2 k . Thus, the image of ψ k contains Q 1 × Q 2 · · · × Q 2 k , where each Q i is a finite index subgroup of Γ for i = 1, . . . , 2 k . It follows, then that
is of finite index in Stab Γ (k), which is impossible as H is weakly maximal and Stab Γ (k) is a subgroup of Γ of finite index. So we have found our desired contradiction and proved that H ≤ Stab Γ (v).
Finally, the map π i • ψ k maps H onto all of Γ for i = 1. And π 1 • ψ k (H) contains Q. Thus, it is impossible for H to stabilize any vertex of level k + 1, as desired.
We remark here that it is now possible to produce countably many groups each of which is not conjugate to any parabolic subgroup of Γ. For this, set Fix(H) to be the points in T fixed by every element in H. For any g ∈ Γ and H ≤ Γ, recall that Fix(gHg −1 ) = g Fix(H). By this relation, the conjugate of any parabolic group is parabolic. Thus, if H k is conjugate to a parabolic group, it must be parabolic itself. However, H k does not fix any vertex of level k + 1 and conjugation preserves levels of the tree, so this is impossible.
Next, we show that for i = j, the groups H i and H j are never conjugate. Suppose, for the sake of contradiction, that H i and H j are conjugate and i < j. Then Fix(H i ) = g Fix(H j ) for some g ∈ Γ. However, by construction, H j fixes a vertex, v, of level j. It follows then that H i fixed gv, but H i does not fix any vertex at level i + 1, and hence cannot fix a vertex at level j ≥ i + 1. It follows then that H i and H j are not conjugate.
4. The proofs of Theorem 1.1, Corollary 1.2 and Theorem 1.3
Let T be a regular rooted tree, G ≤ Aut(T ) be a regular branch group which is finitely generated and just infinite and Q ≤ G a finite subgroup of G.
We will prove that there are uncountably many weakly maximal subgroups of G containing Q. This is sufficient to prove Theorem 1.1 since G is finitely generated and therefore Aut(G) is countable.
Our proof here is similar, in a sense, to Cantor's proof of uncountability of the real numbers.
Suppose, for the sake of contradiction, that there exists countably many non-parabolic weakly maximal subgroups that contain Q. Enumerate them {W i } i≥1 . Since G is a branch group, for every integer k, the rigid stabilizer of the leftmost vertex of level k contains a nontrivial element γ k . Since Q is finite, there exists k 1 such that every nontrivial element of Q does not belong to Stab G (k 1 ) and Q does not act transitively on L k 1 . Since W 1 is infinite-index, some conjugate of γ k 1 is not in W 1 by Lemma 2.1. Call this conjugate w 1 .
Claim 4.1. Set H 1 := Q, w 1 . Then there exists a vertex u of level k 1 such that the subtrees {T q(u) : q ∈ Q} are all fixed by
Proof. Since w 1 is a conjugate of γ k 1 , there exists a vertex v 0 of level k 1 such that w 1 belongs to Rist G (v 0 ). Therefore, for any q ∈ Q, qw 1 q −1 belongs to
By the choice of k 1 , Q(v 0 ) cannot contain all vertices of level k 1 , thus there exists a vertex u ∈ L k 1 \ Q(v 0 ) such that {T q(u) : q ∈ Q} are all fixed by the normal closure of w 1 in H 1 . We conclude by showing that H 1 ∩ Stab G (k 1 ) is exactly the normal closure of w 1 in H 1 . By definition, the element w 1 , and hence any of its conjugates, are in H 1 ∩ Stab G (k 1 ). Further, every nontrivial element of Q is not in Stab G (k 1 ). Hence, the quotient of H 1 by the normal closure of w 1 in H 1 is precisely Q, and, moreover, it follows that H 1 ∩ Stab G (k 1 ) is the normal closure of w 1 in H 1 , as desired.
For a vertex w and a set S of vertices in T , we write w ≤ S if w ≤ v for some v ∈ S. Suppose w 1 , . . . , w i ∈ G of level k 1 , . . . , k i have been constructed so that
(1) H i := Q, w 1 , . . . , w i is not contained in any W 1 , . . . , W i , (2) the normal closure of {w 1 , . . . ,
, and (3) there exist vertices u j ∈ T of level k j with u j ≤ Q(u j−1 ), such that
Claim 4.2. For all k i+1 big enough there exists w i+1 ∈ Stab Γ (k i+1 ) such that H i+1 := Q, w 1 , . . . , w i+1 is not included in any W 1 , . . . , W i , W i+1 , and, further, there exists a vertex
is the normal closure of w 1 , w 2 , . . . , w i , w i+1 in H i+1 .
Proof. Since Q is finite, it is possible to find k i+1 > k i such that Q does not acts transitively on L k i+1 ∩ {T q(u i+1 ) : q ∈ Q}. Since W i+1 is of infinite index in G, by Lemma 2.1 there is some conjugate of γ k i+1 that is not contained in W i+1 . Call this conjugate w i+1 . Then there exists a vertex v 0 of level k i+1 such that, w i+1 belongs to Rist G (v 0 ). From now on, when we write v, we will always assume it is a vertex of level k i+1 . By assumption,
For such a u i+1 , every element in {T q(u i+1 ) : q ∈ Q} is fixed by the normal closure of {w 1 , . . . , w i+1 } in H i+1 . In fact, since each of the trees in {T q(u i+1 ) : q ∈ Q} are contained in {T q(u i ) : q ∈ Q}, it follows that for all q ∈ Q and j = 1, . . . , i + 1, qw j q −1 fixes {T q(u i+1 ) : q ∈ Q}. Set N to be the normal closure of {w 1 , . . . , w i+1 } in H i+1 . Since N is generated by {qw j q −1 : q ∈ Q and j = 1, . . . , i + 1}, it follows that N fixes
By applying Claims 4.1 and 4.2, we construct an infinite sequence {k i } i≥1 in N and an infinite sequence {w i } i≥1 in G such that:
every point in T u i , and
We further claim that for any i ∈ N, the associated group H i has infinite index in G. Suppose, for the sake of contradiction, that H i is of finite index in G for some i.
Note that H i ∩ Stab G (k 1 ) acts trivially on some T v where v ∈ T has level
, and thus fixes every point in T v . The further claim is now shown. Now, given that H i is never of finite index, we claim that H = ∪ k≥1 H k is an infinite-index subgroup of G. Suppose not, then H, being of finite index in a finitely generated group G is finitely generated, say, by elements a 1 , . . . , a m . Thus, as the sequence of groups {H i } i≥1 is increasing, there is a single H i that must contain each a 1 , . . . , a m . It follows that H i is of finite index -a contradiction.
By Lemma 2.2, there exists a weakly maximal subgroup A containing H in G. Therefore, A contains Q and hence equal to one of the W i . On the other hand, for any W i , H contains an element that is not in W i , which give us the desired contradiction. Thus, there cannot be countably many weakly maximal subgroups containing Q. This completes the proof of Theorem 1.1.
We now prove Corollary 1.2 and Theorem 1.3 as direct corollaries of Theorem 1.1. Corollary 1.2. Let T be a regular rooted tree and G ≤ Aut(T ) be a finitely generated regular branch just infinite group. Suppose that G contains a finite subgroup Q that does not fix any point in ∂T . Then there exist uncountably many automorphism equivalence classes of weakly maximal subgroups of G, all distinct from classes of parabolic subgroups associated with the action of G on T .
Proof. Let φ be an automorphism of G. Since G is weakly branch, by Theorem 7.3 of [LN02] there exists ψ a homeomorphism of ∂T such that for all g ∈ G and ξ ∈ ∂T we have φ(g)(ξ) = ψ −1 · g · ψ(ξ). Therefore, automorphisms of G send parabolic subgroups to parabolic subgroups. On the other hand, if W is one of the uncountably many weakly maximal subgroups containing Q, it fixes no ray and therefore is not parabolic. Theorem 1.3. Let G = Γ be the first Grigorchuk group or G = G p be a Gupta-Sidki group. Then G has uncountably many automorphism equivalence classes of weakly maximal subgroups, all distinct from classes of parabolic subgroups of any branch action of G on a spherically regular tree.
Proof. Take Q = 1, a or Q = 1, a p . Then, there exists uncountably many automorphism equivalence classes of weakly maximal subgroups of G all distinct from classes of parabolic subgroups of the action of G on T . The rigidity described in [GW03b] implies that for any branch action of G on a spherically regular tree, the parabolic subgroups are the same as the ones from the original action.
